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judgments: noncumulative likelihood ratios, noncumulative odds, cumulative
likelihood ratios, and cumulative odds. The results indicated that there
was little difference between 1ikelihood ratio and odds judgments, and that
when judging single stiruli, Ss were veridical; conservatism only occurred
when $s were in a cumulating condition. Thus the results ruled out misper-
ception hypothesis.

X Experiments 2 and 3 varied d', sequence construction, and population

= display. Sequences were constructed that would accentuate differences be-
tween predictions made by response bias and misaggregation hypotheses. The
data showed that subjects made veridical independent trial estimates but ag-
gregated information conservatively, regardless of how far odds and likeli-
hood ratios were from 1:1, thus permitting rejection of most forms of the
response bias hypothesis.
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Misaggregation Explains Conservative Inference
. About Noimally Distributed Populations

Gloria E. Wheeler and Ward Edwards

Social Science Research Institute
1 University of Southern California

A standard finding in the literature about probabilistic inference is that

peopie are conservative; that is, probabligtic data cause less change of opin-

ion than is appropriate. For reviews of the literature, see DuCharme (1959),
Edwards (1968), or Slovic and Lichtenstein (1971). Try it yourself. Think of
two bookbags filled with poker chips (traditional apparatus for such experi-
ments). Bag R contains 70% red chips and PO% blue ones; Bag B contains 30% red
and 70% blue. You flip a fair coin to choose a bag without knowing which it is.
You sample randomiv 12 times from the chosen bag, replacing the chip after each
sample, and get 8 red chips and 4 blue ones. Write an estimate on the margin of
' this page of the probability that you sampied from Bag R. Most people estimate
l in the range from .60 to .85. The correct probability is .967. .

Bayes's Theorem of probability, the appropriate normative mode] for such
probabilistic inferences, may be written

- N

B il

'~ 8 =L 9 (1)
log ; = log 2 *+ log Ly (2)
. . _ P(Hy) ,
90 is the prior odds; 2 = 57“;7"
oL POy H)
1l s P(D, TAg) °

2 is the posterior odds, or odds appropriate after the datum has been observed;

L1 is the 1ik2lihood ratio appropriate tov the datum D

P(H,|D,)
- A'"1 . :
2 = EYHETﬁzj-. If Equation (2) (say) is used to process D1 and then datum Dz

coimes along, the appropriate additional processing of course is
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log 2, = log @, + log L

1 2

log 29 * log L1 + log L2

log g * log (L1 L2)

Note that the likelihood ratio appropriate for several data (here assumed to be
conditionally independent of one another) is the product of the 1likelihood ra-
tios for each datum considered separately. This multipiicative combirnina rule
for 1ikelihood ratios is the same as the multiplicative combining rule by which
likelihood ratios combine with prior odds to specify postarior odds; both are
direct consequences of the product rule for probabilities of independent events.

These formal rules imply a list of steps required to perform probabilis-
tic inference properly. Perhaps people perform intuitive analogs of each step
when performing such tasks. What step or steps go seriously wrong? For a crit-
ical review of possibilities and data bearing on them, see Edwards (1968).

The misperception hypothesis asserts that people incorrectly perceive the
diagnostic impact of each datum; they in effect estimate L1 and L2 as closer to
1:1 than they should. The misaggregation hypothesis asserts that people may
perceive the diagnostic impact of any single datum correctly (i.e., may correct-
ly estimate Ls) but fail to aggregate data properly, either with other data or
with priors. The response bias hypothesis can take various forms; a typical one
simply asserts that as evidence piles up and odds or probabilities get extreme,
subjects become progressively more reluctant to use such extreme numbers. Ob-
viously, these three classes of hypotheses are not mutually exclusive; moreover
each is a class, not a single hypothesis. Still they have been the main conten-
ders.

Various experiments bear on these classes of hypotheses. For example,
Edwards, Phillips, Hays, and Goodman (1968), in a complex simulation experiment
found that disaggregated likelihood ratio estimates lead to considerably more
extreme posterior odds than do aggregated posterior odds or posterior prohabil-
ity estimates. They interpreted their findings as evidence for misaggregation,
but the evidence is equivocal because their situation precluded calculation of
normatively correct posterior odds; directly estiinated posterior odds could have
been correct and those calculated from likelihood ratio estimates could have



been extreme. Peterson, DuCharme, and Edwards (1968) and Wheeler and Beach
(1968) found that subjects interpreting binomial data produced conservative
multi-datum likelihood function estimates. Such evidence, however, only shows
that whatever produces conservatism in posterior estimates based on multiple
data also produces conservatisia in multiple-data likelihood function estimates; :
it does not bear on misaggregation vs. misperception vs. response bias. .

Binomial data are unsatisfactory for such experiments, since only two 1
single-datum likelihood ratios are possible on a given trial. Two normal dis-
tributions differing only in mean are better, since a datum may produce any
likelihood ratio. DuCharme 2ad Peterson (1968) used the heights of men and wo-
men and found little conservctism, possibly because subjects are so familiar
with the stimuli. They used only Tour-item sequences, so their subjects did
relatively little aggregating. They displayed their two normal distributions
in several ways, all orderly.

The present experiments also use two normal distributions aiffering only
in mean, but the materials are abstract and non-numerical (painted pick-up
sticks) and the displays of distributions are disorderly. Most important, the
sequences are up to ten items long. This permits comparison of single-stimulus
estimates with cumulative estimates requiring considerable mental aggregation.
Methods Experiment 1

Subjects. Thirty-six naive male university students, run individually or
in pairs, were the subjects.

Apparatus. The stimuli for the experiment were 7" long pick-up sticks
(from the well-known children's game). One end was painted blue; the other, yel-
low. The point along the stick at which blue switched to yellow varied for dif-
ferent sticks. The length of blue (or, because of the symmetry of the situation,
the length of yellow) was the random variable. The two popuiations of sticks
were normally distributed with means of 4.50" and 2.50" respectively, and a com-
mon standard deviation of 1.25". Single stimuli were shown to subjects verti-
cally in a white wooden holder, constructed so that the stick was held at its ends
and all 7" could be seen. For several-stick sequences, the sticks were leaned
against a white background in the order in which they had been sampled.

The population characteristics were displayed for the subjects by two ran-
dom histograms, each representing a random sample of about 100 sticks from one




S e ot B o )

of the populations, arrayed left-to-right in the order of sampling. The dis-
plays were actual size and colors, and on each the population mean was displayed
by a heavy black horizontal line at the appropriate position. These displays
were visible throughout the experiment. The lengths displayed had in fact been
carefully chosen to represent the populations accurately.

Responses were made in 10-page booklets, one response per page. On each
page was printed:

:1 in favor of hypothesis

Sequences. Eight sequences of 10 normal deviates each were drawn from a
table of random normal deviates. Some were slightly modified to produce a fair-
ly iarge range of final posterior odds and to eliminate unduly long runs of rare
stimuli, etc. Sixteen physically different sets of 10 pick-u} sticks were pre-
pared from these eight mathematical sequences; each normal deviate was represent-
ed once as more hlue than yellow and once as more yellow than blue. cCach stick
sequence was used twice, so each subject saw 32 sequences of sticks. A single
random order of sequences was used for all subjects.

For this experiment, d' = (m; - m,)/o = 1.6. The likelihood ratio at the
mean (of either population) is 3.60. So typical veridical odds might be about
365,600:1 after 10 sticks. The smallest 10-stick posterior odds was 52,520; the
largest was 877,820.

Respunse modes. Each subject mede responses in four response modes: non-
cumulative likelihood ratio, cumulative 1ikelihood ratio, noncumulative odds,
and cumulative odds. The 36 subjects were split into four groups which used the
response modes in different orders. For example, Group 1 responded to each
stick in the first 8 sequences with a noncumulative 1ikelihood ratio, to each
stick in the second 8 sequences with a cumulative likelihood ratio, and so on.
No effect of response mode order was found, and so data for a given response
mcde are here aggregated over response mode order.

Instructions. The experimenter described the charachteristics of the pick-
up sticks and pointed out that the charts on the wall were representative of the
kind of sticks one would expect to get in drawing randomly from each populction.

Next the experimenter read the appropriate response mode instruction for the
first phase of the experiment, and proceeded with 8 sequences of sticks. After
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that, the experimenter read the next appropriate response mode instruction, pro-
ceeded with 8 more sequences and so on. Subjects were told not to look back on
their previous responses at any time.

The four response modes were explained as follows.

Noncumulative Likelihood Ratio. The experimenter explained that she would
show the subject a stick and he was to deiermine which of the two piles would be
more likely to produce a stick like that one and how much more likely it was.

He was told that a likelihood ratio of 1:1 meant that either pile was just as
1ikely to produce that stick and that alikelikood ratio of 10:1 meant that there
were 10 times as many sticks like that in the favored pile as in the unfavored

pile.
Cumulative Likelihood Ratio. If the subject had already done the noncum-
ulative Tikelihoood ratio task, the experimenter indicated that during this

phase of the experiment he would also estimate likelihood ratios. If he had

not performed the noncumulative task, the experimenter first explained it as
above. In either case, the experimenter then explained that first the subject
would see and evaluate a single stick. Then the experimenter would display a
second stick and the subject was to evaluate the likelihood ratio of both sticks.
He was told to forget that he had seen the first stick by itself and assume that
the sticks had been presented simultancous'y. He was to determine which pile
was more likely to produce that sample of <ticks, and how much more likely it
was. Both sticks were displayed at this time. After the subject made his es-
timate for the sample of two sticks, the experimenter displayed a third stick
and the subject estimated the likelihood ratio for the sample of three. He was
instructed that this procedure would continue until 10 sticks were displayed,
and then it would start over again.

Noncumulative Odds. The subject was asked to assume that the experimenter
had flipped a fair coin to select pi e A or B, then had drawn one stick at ran-
dom from the chosen pile. His task was to determine which pile the experiment-
er was drawing from and to estimate the odds in favor of that pile. To give him
an understanding of odds he was hold that an estimate of 1:1 woulu mean that he
was completely uncertain about which populition was being sampled; odds of 10:1
meant that if he were to see that stick 100 times, about 91% of the time it
would have come from the more likely pile. After the subject made his judgment,
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4 the experimenter again selected one population by a flip of a coin and drew a
. single stick randomly from it.
Cumulative Odds. The subject was told to assume that the experimenter
had flipped a fair coin to select one of the populations, then had drawn 10
sticks one at a time from the chosen pile. The subject would see the sticks

in the order that the experimenter had drawn them. Upon seeing the first
stick, the subject was to make an odds estimate. (If the subject had not al-
ready done the noncumulative odds part of the experiment, he received an ex-
planation about what an odds estimate was.) After seeing the second stick, he
was to revise his odds to take into account the new information in the second
stick. Then he would see and judge a third stick, a fourth stick, and so on,
until he had seen all 10 sticks that had been drawn from the pile. After all
10 sticks had been displayed, a pile was again selected randomly and the ex-
perimenter drew 10 sticks from the newly chosen pile.

Results and Discussion

. First, the data were subjected to a logarithmic transformation, and all

| analyses were performed on the log transformed responses. Moreover, the cor-
rect hypothesis is represented in the numerator of every odds and every likeli-
hood ratio. Log odds or log likelihood ratios less than 0 nevertheless occa-
sionally appear, since the first stick or two may favor the incorrect hypoth-
esis.

In the analysis to follow, the dependent variable is described as "mean
inferred log odds". In Bayes's Theorem [Equation (1)], the posterior odds is
obtained by multiplying prior odds by the likelihood ratio appropriate to the
datum. Because in this experiment the prior odds at the beginning of each se-
quence was 1:1, the numerical value of the cumulative log likelihood ratio is
equal to the value of the log posterior odds. In the noncumulative response
modes, one can infer the log posterior odds tor any sequence by applying Bayes's
Theorem to the subjects' responses; that is by adding fthe single-stick log
likelihood ratios or the single-stick log posterior odds (which are numerically
though not conceptually equal to log likelihood ratios). Thus the phrase "mean
inferred 1og odds" refers to posterior odds obtained either directly from the

1 subjects' mean log responses (for the two cumulative respcnse modes) or by ap-
plying Bayes's Theorem to their mean log responses (for the two noncumulative

response modes).




Scati..-nlots showing mean inferred log odds on the ordinate and the Bayes-
jan log odds on the abscissa appear in Figure 1. A1l four correlation coeffi-

cients are greater than .90, indicating considerable orderliness in the mean
data. But the siope of the best fitting regression line is not the same ‘or all
response modes. The noncumulative response modes, whether likelihood ratio or
odds, show near-veridicality, with slopes of 1.04 and 1.17 respectively. The
two cumulative response modes show conservatism; the slopes for 1ikelibhood ra-
tios and odds are .28 and .36 respectiveiy. These findings show little inher-
ent difference between 1ikelihood ratios and odds. Evideitly subjects perceive
the impact of single items of information rather accurately, in the sense that
they can accurately estimate single-stick odds or likelihood ratios. The fact
that, for either likelihood ratios or odds, conservatisw only occurs when sub-
jects must cumulate a sequence of data is strong evidence against misperception
as the explanation of conservatism.

Further evidence against the misperception hypothesis is obtaired hy look-
ing at regression analyses of Bayesian log likelihood ratios vs. mean inferred
log likelihood ratios as a function of sequence trial number. Inferred likeli-
hood ratio is taken as the number the subject estimated for the noncumulative
response modes. For cumulative response modes, it is obtained for the Nth datum
by dividing the response made to it by the response made to its predecessor.
Figure 2 sihows that, for all four response modes, the slope of Trial 1 is nearly
1.0, indicating little or no conservatism. It stays near 1.0 on Trial 2 for all

response modes, although the cumulative 1ikelihood ratio responses show some
conservatism. By Trial 3, both cumulative response modes show considerable con-
servatism, which further increases on Trial 4. In fact, for all trials beyond
Trial 2, both cumulative response modes show strong conservatism. Neither of
the noncumulative rnsponse modes show conservatism, nor do they show any effect
of trial number. Since every noncumulative response was essentiaily a Trial 1
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response, one would not expect to find a relationship between trial number and
slope of the regression line for those two response modes.

These data clearly refute the misperception hypothesis. Subjects consis-
tently did very well at estimating single-stick numbers. They also show little
difference between odds and likelihood ratio estimates--a convenience for de-
signers of experiments and of information processing systems.

Veridical responses in cumulative response modes were very large indeed--
usually well over 100,000:1 by the 10th stick. Are subjects unwilling to esti-
mate large numbers, and is that the reason for conservatism? The question de-
cerves an experiment of its own.

Experiment 2

DuCharme and Peterson (1968) ran an experiment using normal data generat-
ing processes in which the two populations under consideration were men and wo-
men, and the random variable was the height of an individual. The experimenter
would select on: of the two populations and sample heights randomly from it; the
subject's task was to guess which population the experimenter was sampling from
and to give 2n odds estimate in favor of that population. DuCharme and Peterson
found very 1ittle conservatism, and that which they did find tended to favor
che response bias hypothesis.

DuCharme (1970) then ran a series of two experiments further investigating
the subject's responses to normal data genera‘ing processes. The first experi-
ment differed only slightly from the DuCharme and Peterson (1968) experiment
except that in the second part of it the prior odds for selecting one of the
populations were different from 1:1. In the second experiment he used several
different pairs of norual populations (fictitious species of fish). The length
of the fish was the random variable. His results strongly supported the response
pias hypothesis, although not in its most simple form. He argued that within
the odds range ~f 1:1 to about 10:1, people will generally be veridical. When
the correct values fall outside that region, people will become less and less
accurate, since they have had very little experience with large numbers (such as
100,000:1) and those numbers are meaningless to them. If so, this would explain
the results of Experiment 1.

A second issue of Experiment 1 was that the veridical estimates obtained

in the noncumulative condition may have been due coincidentally to sciecting




populations whose means were separated by just the right amount. If subjects
had been evaluating data from a different pair of normal populations, they might
not have given such accurate estimates, and in fact subjects might be completely
insensitive to differences in pairs of normal populations. Experiment 2 was de-
signed to answer these criticisms.

Method

Design. Three d'(=(m1— m2)/o)]evels wereused in the experiment: 1.0, 1.6,
and 2.2. Experiment 1 used a d' of 1.6. The likelihood ratio (which for our
purposes is numerically equal to the odds after seeing one data item) at the
mean of the sampled distribution is 1.65, 3.60, and 11.24, respectively, for the
three d' levels. The variances for all the populations used in the experiment
were the same, and d' was varied by moving the means of the distributions.

The experiment used a within subjects design, with every subject making
both aggregated and nonaggregated odds estimates at all three d' levels. Order
of presentation of d' levels and the order of making aggregated vs. nonaggregated
responses iiere counterbalanced, but within one d' level subjects made all their
responses in one of the aggregation conditions before going to the other aggrega-
tion condition. They then proceeded to the next d' level and made both aggrega-

ted and nonaggregated estimates in the same order as previousiy, then continued
to the final d' level and did the same thing.
Sequences contained ten sticks each. There were four basic sequences, as

follows:
1. Sequence A. This sequence was a random sample from one of the 1.6 d'

level populations. Subjects saw this sequence three times during the experiment,
once for each d' level. E.g., at some point during the experiment when they were
working with d'=2.2, they saw this sequence, but were not told that they might
have seen it before, during another d' level.

2. Sequence B. There were three B sequences, one for each d' level. They
were constructed by drawing a random sample from a standard normal distribution
and converting the sample standard scores to actual samples from the three pairs
of populations. For instance, the third stick in sequence B might have a stan-
dard score of 1.0, in which case for the small d' level the stick would have 5
3/8" of blue, for the medium d' it would have 5 3/4" of blue, and for the large
d' it would have 6 1/8" of blue. Thus all three B sequences were truly repre-




sentative of the populations from which they were drawn.

3. Sequence C. As was the case for B, there were three C sequences, one
for each d' level. They were constructed so that the likelihood ratios were
the same (or very nearly the same) for ail three d' levels. Thus, for instance,
if stick #8 had a 1ikelihcod ratio of 5.2:1 in favor of the blue population, the
stick which would yield that likelihood ratio for the small d' level was located
in tiat position, and similarly for the other two d' levels. Sequence C was a
representative sequence from the medium (d'=1.6) level.

4. Sequence D. Three D sequences were constructed, exactly like the C
sequences (1ikelihood ratios constant acioss d' levels), except that the sequence
was a representative sequence from the small d' level.

Twenty sequences were actually constructed: 10 favoring *he predominantly
blue population, (1 of A and 3 each of B, C, and D) and 10 mirror-image sequences
favoring the predominantly yellow populations. A1l subjects saw all 20 sequences

(plus repetitions of sequence A), half of them in a non-aggregating response mode

and half in an aggregating mode. For instance, if during the large d' part of
the experiment they saw sequence B favoring blue while they were aggregating,
then they saw sequence B favoring yellow while doing single-stimulus responses.

The sequences were designed so that there would be a large range of like-
1ihood ratios and of posterior odds. In fact, the veridical 1ikelihood ratios
varied from 1:1 to about 365:1, while posterior odds after ten stimuli varied
from 12.7:1 to about 13 billion:1.

Subjects. Twenty-four paid male students, run singly or in pairs, served
as subjects in the experiment.

Apparatus and Procedure. The apparatus was the same as that used in Ex-

periment 1, except as follows.

Response sheets for Experiment 2 contained six logarithmically spaced
scales, representing odds (or likelihood ratios) from 1:1 to 1,000,000:1. There
was room at the bottom of the sheet to write in responses greater than 1,000,000:
1. Subjects made their estimates by making a mark at the appropriate place on
one of the scales or writing in a number if they wanted to make an estimate
greater than 1,000,000:1.

Other aspects of instructions and procedures were the same as in Experi-
ment 1, except that only the noncumulative odds and cumulative odds responses
were used.
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Results. First the data were subjected to a logarithmic transformation,
and all analyses were pa2rformed on the lou transformed responses. As in Experi-
ment 1, the correct hypothesis appears as the numerator of every odds and every
likelihood ratio.

Overall, the results were very similar to the results of Experiment 1.

A scatterplot with the veridical log odds on the abscissa and the mediam log
responses on the ordinate shows that subjects were very accurate when they were
not required to aggregate and were conservative when they had to cumulate in-
formation. Table 1 shows the results of a regression analysis of such scatter-
plots. The correlation coefficients in all cases were very high, showing that
subjects basically understood how i1e information in the sticks should affect
their estimates. The intercepts were almost zero, indicating little or no bias
in favor of one or the other pile. However, the slopes of ihe lines varied

greatly, depending on whether or not subjects had to aggregate. When they did
not aggregate, the slopes were nearly 1.0, indicating that their estimates were
extremely accurate, while when they aggregated, the slopes were always less than
1.0, and varied from .3”9 to .623.

Figure 3 contains scatterplots such as those described above. Figure 3a
shows the single-datum estimates as a function of the Bayesian values, while
Figure 3b shows the cumulative estimates as a function of the Bayesian values.
Of course, the veridical range of the odds greatly exceeded that of the likeli-
hood ratios, but there was a large degree of overlap in the ranges, and it is
obvious that over this range the cumulative estimates and the noncumulative es-
timates did not 1ie along the same function, even within the 10:1 range. Fur-
thermore, it is apparent that both sets of points are linear, not S-shaped.

DuCharme (1970) used secuences of variable length, ranging from one to
seven stimuli long. Thus wnen his subjects saw thc first trial of a sequence

they never knew whether that would be the only trial or wnether there would be




other trials following it. Therefore his noncumulative estimates were 2lways
trial #1 responses. In the current experiment, if subjects were in the aggre-
gating condition they always knew that the first stick i a sequence would be
followed by nine others, while in the nonaggregating condition they knew that
each stick was completely independent of all others. Thus une can look at two
kinds of noncumulative estimates: all the nonaggregation responses, and the
trial #1 responses in the aggregation condition. A regression analysis was
performed for the Bayesian log likelihood ratio vs. the median subject log
likelihood ratios for each trial number. As the misaggregation hypothesis
predicts, in the ronaggregating conditions subjects' responses were veridical
for all trial numbers, since they were effectively all first responses. The
slopes were all very close to 1.0. However, when subjects cumulated the story
was quite different. Since trial #1 is theoretically identical to the nonag-
gregation condition, trial #1 responses should hav. been identical to the non-
aggregaticn responses, while trial #2 and all easuing trials should have shown
conservatism. The slope of the best fitting Tine for trial #1 responses was
considerably less than 1.0; it was .59. Thus, although trial #1 responses were
more veridical than the otter cumulative responses (their slopes were about
.38), they were not identical to the nonaggregated responses. This means that
trial #1 responses, if plotted on Figure 3, would lie somewhere between the
nonaggregated responses and the aggregated responses. DuCharme's trial #1 re-
sponses fell along the same curve as the cumulated estimates.

An implication of the response bias hypothesis is that within a subject's
veridical range, he will never show conservatism, no matter how much aggregation
he must perform. Figure 4 speaks to this question. It plots the cumulative log

odds for certain sequences as a function of stimulus number. Figures 4a and 4b
show conservatism when subjects aggregated but display nearly veridical cumula-
tive log odds as inferred from their noncumulative estimtes. Since the final
odds were well outside the 10:1 range this result was not very surprising. How-
ever, Figures 4c and 4d are for sequences in which the odds never exceeded 10:1
until the tenth stimulus, and even then were less than 15:1; here also there
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was obviously conservatism in the estimates when subjects aggregated. There are
24 figures such as the four displayed in Figure 4 (one for each sequence); some
show slightly more conservatism than those in Figure 4, some show less. However,
in all cases the overall conciusion is the same: when subjects must aggregate
information, they will be conservative. When they must judge only a single item
of information, they are generally veridical, or perhaps even & little radical.
The second question with which the experiment was concerned was whether or
not subjects are sensitive to differences in d'. DuCharme's (1970) study also
Jooked at this question; his results indicated that they are. Table 2 shows that
subjects in the current experiment were sensitive to d' also. Table 2 shows the

d' inferred from subject's median 10g estimate taken at the mean of the aistri-
butions. Thus, for inctance, if subjects correctly perceived the distributions
in which d'=1.6, they would give a likelihcod ratio estimate of 3.60 when tney
saw a stick whose length of blue was the same as the mean length of the distri-
bution. When subjects did not cumulate, the inferred d' is almost identical
with the actual d'; when they aggregated, they responded as though d' were smal-
ler than it actually was. However, in either the cumulative or noncumulative
condition, they perceived that the three pairs of populations were really dif-
ferent, and responded in the correct direction.

Recall that the sequences of stimuli were constructed to have carefully
chosen properties. One set of sequences (A) involved showing the same actual
sticks at three times during the experiment, once for each d' level. If sub-
jects had not been sensitive to d', they would have given approximately the
came estimates for those sticks all three times the sequence was displayed, re-
gardless of the d' they were dealing with at the time. An analysis of the re-
gression lines of log likelihood ratios as a function of length of blue (for
sequence A) showed that the slopes of the lines for the three d' levels were
significantly different from one another and were virtually identicai to the
theoretically correct slopes. (F = 14.17, with 2 and 3 d.f.; p « .05.) The
subjects in the experiment were ensitive to the differences in d', and respon-

ded appropriately.
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Sequence set B involved displaying sticks whose standard scores were con-
stant across d' levels. It is possible that subjects migiht assign the same
11kelihood ratios to certain standard scores no matter what the d' is. A re-
gression analysis of median log 1ikelihood ratio estimates for sequence B as a
function of the standard scores of the stimuli again verified the subjects'
ability to respond correctly to d'. Again the siopes of the lines for the three
d' levels were significantlyv different from one another and wer« very nearly the
same as the theoretically correct slopes. (F = 22.31 with 2 and 3 d.f.; p <
.025.)

The third and fourth sets of sequences (C and D) were constructed so that
the likelihood ratios remained constant across the three d' levels. If subjects
responded correctly to d', they stould have given approximately the same re-
sponse to a given stimulus number (e.g., stick #4 in sequence D) no matter which
d' level they were working with. Regression analyses showed that the slopes of
the 1ines of median log likelihood ratios as a function of Bayesian log likeli-
hocd ratios were not si¢cnificantly different from one another nor from the theo-
retically correct responses. (F = .962 with 2 and 3 d.f.)

A1l analyses discussed so far have been with median responses. How well
do these results describe any one individual? Ton answer that scatterplots and
regression analyses were obtained for each subject. The results were surpris-
ingly orderly. A1l correlation coefficients comparing Bayes with the subject's
responses were between .46 and .97, with a median of .89 for noncumulative re-
sponses and .t£7 for curulative responses. The slopes of the best fitting lines
for noncumulative responses varied from .08 to 3.81 and for the cumulative es-
timates from .06 to 1.00. Those medians were 1.18 and .41 respectively. There
was a great deal of variability in the slopes of the lines, as one would expect,
but all subjects were well fit by a straight 1ine, indicating orderliness in

their responses.

Discussion. The results of the experiment clearly support the misaggrega-
tion hypothesis. In every analysis subjects' responses when they were aggregat-
ing were different from their responses when they did not have to aggregate.

Two things about these results are rather puzzling. The first is the fact that
i first-trial responses in the aggregation condition were not identical to non-
aggregated responses, although theoretically they should be. The second is that
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these results were strongly at variance with the results of DuCharme's (1970)
experiments.

Both the DuCharme experiments and Experiment 2 used normal daota gencra-
tors, and both used several levels of diagnosticity (d'). In both cases it
was apparent that subjects responded correctly to diagnosticity, wnich is an
important and gratifying result. However, DuCharme's results supported the
response bias hypothesis (although not in its simplest form). Why did his re-
sults strongly support one hypothesis while the results of the current experi-
ment strongly support a different hypothesis? There were some important dif-
ferences in the two experiments: types of stimuli (numerical vs. physical},
lenith of sequences (short vs. long), knowledge of the length of the sequences
(unknown and variable vs. known and fixed), population display (none or order-
1y histograms vs. random sample), and of course, the experimenters themselves.
Experiment 3 looks at some of these differences in an attempt to explain why
DuCharme's results were so different from those of Experiment 2.

Experiment 3

Experiment 3 varied sequence characteristics and population displays.

In the DuCharme experiments, the sequence lengths were variable (1-7
stimuli in one study, 1-5 in the other), and the subjects did not know how long
a sequence would be until they reached its final trial. In Experiments 1 and
2 of this paper, if subjects were in.a noncumulative response condition they
always saw independent stimuli; if they were in a cumulative response mode
they knew that each sequence would be 10 stimuli long. In Experiment 3 each
subject received all three types of sequences: variable, fixed, and indepen-
dent trials.

In the first experiment of the DuCharme study, he used no population dis-
play at all, but he was dealing with familiar populations (heights of men and
women). It seemed impractical to use no display when dealing with pickup
sticks as stimuli, so no such condition was employed in Experiment 3. In Du-
Charme's second experiment he used orderly histograms of 100 samples from each
population. Experiments 1 and 2 in the current series used randomly ordered
samples of about 100 (97 to be exact) as the display, with the mean of the dis-
tribution clearly marked on the display. DuCharme and Peterson (1968) had used
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overlapping normal density curves to dicplay their populations. These three
types of displays (histogram, randomly ordered sample, and overlapping den-
sity curves) were used in Experiment 3.

Method

Design. The data generating populations were normally distributed. Only
one d' level was used: 1.6, which yields a likelihood ratio of 3.60 at the
mean of the distribution.

There were three displiay conditions: random samples (used in Experiments
1 and 2), histograms, and overlapping normal curves. DuCharme and Peterson
(1968) had used overlapping normal curves in their initial heights-of-men-and-
women experiment, and DuCharme (1970) used the histogram in his dissertation
experiments.

Subjects responded to three types of sequences: single sticks (compar-
able to the noncumulative conditions of Experiments 1 and 2), fixed length se-
quences each containing six sticks (comparable to the cumulative conditions of
Experiments 1 and 2), and variable length sequences containing from one to sev-
en sticks (comparable to DuCharme's experiment). Each subject made judgments
of all three kinds o sequences, but there were four different orders of pre-
sentation of the sequences.

The single-stick (noncumulative) part of the experiment contained 27
sticks, ranging from solid yellow to solid blue, including one that was haif
blue and half yellow.

There were 12 fixed-length sequences of six sticks each. Six of the se-
quences were from the predominantly blue population while the other six were
mirror-image sequences favoring the predominantly yellow population.

The variable-length sequences consisted of 4 sequences each of lengths
two through seven, plus 16 single sticks. There were 2 sequences favoring blue
and 2 mirror-image sequences favoring yellow for each sequence length. The 16
sticks were randumly inserted among the longer sequences throughout the vari-
able condition.

Subjects. Forty-eight male students served as subjects in the experiment;
they were equally divided among the three display conditions and four sequence
presentation order conditions. They were run in groups of one, two, or three.

Apparatus. A1l apparatus and response sheets were like those in Experi-
ment 2, with the addition of the histograms and overlapping normal curves used
in those two display conditions.
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Pr¢cedure. The procedure was identical to that of Experiment 2, except
that instructions for variable sequences were inserted at the apporpriate place
during the experiment. In the variable part of the experiment, subjects were
instructed to assume that the experimenter had selocted cne of the populations
at random, then had irawn Some unspecified number of sticks from it. They
would see the sticks in the order in which they had been drawn, and were tc re-
vise their odds after each new stick was presented, continuing this until she
informed them that there were no more sticks in that sequence. Subjects were
never told that seven was the maximum number of sticks in a sequence.

Let F stand for the fixed-length sequences, V for the variable-length se-
quences, and S for the single-sticks condition. Then the four sequence presen-
tation orders were: FVS, VFS, SFV, and SVF.

Results

First the data were subjected to a logarithmic transformation, and all
analyses were performed on the log transformed responses. As before, the cor-
rect hypothesis was in the numerator of all odds and .ikelihood ratios.

Scatterplots and regression analyses of veridical log odds vs. median
subject 10g responses were obtained for all conditions. The display condition
had litile or no effect on responses. The correlation coefficients were high
(greater than .96) in all cases; the slopes of the lines'waried depending on
sequence type and trial number. The slopes in the histogram condition were
slightly lower than the slopes for the other conditions, but not significantly
so. (F = .14, with 2 and 18 d.f.)

The data told much the same story for the different orders of presenta-
tion. Again the correlation coefficients were high (greater than .95 in all
cases) and the slopes of the lines varied depending on sequence type and trial
number. There were no significant differences between presentation orders.

(F = 1.54, with 3 and 24 dif: )

Since there were no differences between the various order and display
conditions, scatterplots and regression analyses were obtained collapsing over
all conditions, using th« median for all 48 subjects. Table 3 summarizes these
results. When subjects were in a nonaggregating (single stick) conditioi, they
were virtually veridica., as indicated by the slope of 1.022. When they were
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in an aggregation condition, with either fixed or veriable length sequences,
they were conservative, and this conservatism showed up on Trial 1 as well as
on later trials. iiowever, they were less conservative on Trial 1 than on later
trials. This result agrees with the result of Experiment 2 in which the slope
of the line on Trial 1 of the aggregating condition lay somewhere between the
veridical nonaggregated responses and the more conservative later-trial aggre-
gated responses.

DuCharme (1970) dispiayed the scatterplot of his data but did not report
regression values. A regression analysis of his Figure 1 data yielded some
interesting results. Table 4 compares Experiment 2, Experiment 3, and Du-
Charme's resul*s. DuCharme did not have a condition comparable to the single-

stick condition; his results were all based on a variable-length condition.

His résu]ts correspond favorably with those of the present experiments, with
the Trial 1 responses being somewhat more veridical than later-trial responses,
and both being less veridical than nonaggregation condition responses.

Figure 5 shows th? scatterplots of the median subject log odds vs. the
Bayesian 1ng odds for Trial 1 in the three sequence conditions. There is no
apparent difference between the fixed sequences and the variable sequences.
There does appear to be a slight S shape in the plot for single sticks. Note,

however, that it straightens out near log odds of + 2:1. It may well be tiat
the S shape would not have been so noticeable had there been more stimuli whose
veridical log odds were greater than 1.5:1. Unfortunately there are only a
few data points in that range, and one cannot tell whether the subjects would
continue to flatten their curves or would straighten them out if more inter-
mediate stimuli were presented. The variable and fixed plots are obviously
linear.

Cumulative values are displayed in Figure 6. Once again the data exhib-
it linearity over a wide range of veridical values, and this is true for the
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variable sequences as well as the fixed sequences.

As was done in Experiment 2, scatterplots and regression anaiyses were
obtained for individual subjects. Once again individual subject's estimates
were very orderly, and showed the same properties found in the median analy-
ses.

These results, while gratifying to a proponent of the misaggregation
hypothesis, still leave unsettled the question of why they differed so strong-
ly from DuCharme's results. Close inspection of his data yields a clue to the
puzzle. In his first experiment, 36% of the Bayesian odds were larger than
100:1, but only 2.8% of his median odds were at least that large. In Experi-
ment 2 of the current paper, 42% of the Bayesian odds were greater than 100:1
and 6.3% of the median estimates were at least that large. Looked at another
way, DuCharme's subjects made estimates greater than 100:1 in only 7.7% of the
instances when a Bayesian would have done so. The subjects in Experiment 2
made estimates that large or larger in 15% of the instancec when it was ap-
propriate to do so. Apparently DuCharme's subjects were considerably more re-
luctant to estimate larger values than the subj2cts in Experiment 2. Why?

One reason might be that his response device encouruced subjects to put an
upper bound on their responses.

The device consisted of six logarithmically spaced odds scales, only one
of which was visible at any time. Subjects set a sliding lever at the odds
they selected, then wrote down the odds on a sheet of paper. For the next
trial they moved the lever from its previous position to a new odds location.
The six scales went from 1:1 to 1,000,000:1, with the first one going from 1:1
to 10:1, the second from 10:1 to 10C:1, and so on. In order to go from one
scale to the next, DuCharme's subjects had to physically rotate the metal bar
to which the scales were attached. Thus an extra physical action was neces-
sary to meke any response greater than 10:1; estimates larger than 100:1 re-
quired two rotations of the scale. More evidence that the response device
might be encouraging flattened response curves appears from studying prior
odds data. DuCharme in one part of his study varied prior odds, using values
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of 2:1, 5:1, 10:1, and 100:1. If one looks at the number of times that a
Bayesian would have rotated the scale at least twice from where it was origi-
nally set, he finds that although this should occur 16 times, there were no
instances of double rotation in the median estimates. A similar look at Du-
Charme's second experiment reveals that a Bayesian would rotate the scale
twice 74 times, but his median subject did so only once. So it may be that a
considerable portion of the S shape reported by DuCharme is an artifact re-
volving around a response device that encourages subjects to set an uppar
bound on their estimates.

Experiments 2 and 3 reported here used a page with logarithmically
spaced odds scales printed on it. Thus the ertire range available to DuCharm's
subjects was visible at all times to the subjects in these experiments. In
addition to the figures already reported for Experiment 2, in Experiment 3
there were 62 instances when the Bayesian values were greater than 100:1. The
median subjects' estimates were at least 100:1 in 33 of those instances.

Discussion

Many experimenters have studied conservatism in human inference tasks
during the past ten years or so. Some early experiments supported the misper-
ception hypothesis, but more recent experiments favered either the misaggrega-
tion or the response bias explanations. The results of the studies reported
in this paper strongly support the notion that misaggregation is the predomi-
nant explanation for conservative inference. These findings, hcwever, conflict
with those of DuCharme (1970) and to a lesser extent with those of DuCharme and
Peterson (1968). There is evidence that at least some of the response bias
results are artifactual. Any serious student of the field must, however, ad-
mit that in all likelihood misperception, misaggregation, and response biases
all contribute to conservatism. The real questions of importance then become
finding the manner in which each phenomenon contributes to conservatism and

the best way of avoiding or compensating for this nonoptimal behavior.

Because of the rather extensive research literature that has developed
around the questions of when and why people make inferences conservatively, the
appropriateness of those questions as topics for research has been questioned
recently. A referee of an earlier version of this paper sa‘d "... it has be-




|
if
£
|
*
|
i
i

— s Y W A

21

come rather widely accepted in the literature that the question of the causes
of conservatism is not a fruitful psychological question. The phenomenon of
conservatism is as much a property of the method of data analysis as it is of
the subject's responses (Anderson and Shanteau, 1970; Pitz, 1970; Rapaport and
Wallsten, 1972; Shanteau, 1970, 1972; Winkler and Murphy, 1973)." That list
of references could be brought up to date by adding Slovic (1972) and Hogarth
(1975) to it.

Review of the critics' complaints brings out three main themes:

1. Since Bayes's Theorem is a wholly artificial external standard hav-
ing nothing to do with known behavior, it is inappropriate to compare human in-
ferences with it.

2. The phenomena of conservatism are both subject- and task-dependent.
In particular, studies in realistic settings with professional inference-makers
as svbjects do not show the phenomenon. Consequently, it is an inconsequential
laboratory artifact.

3. Research that compares human inference-making with Bayes's Theorem
implicitly or explicitly assumes that human inference is, to some extent, Bayes-
ian in character. It is nol, and consequently the research is irrelevant.

Our answers to these complaints go as follows:

1. We just don't understand this complaint at all. Research on formal
inference uses the syllogism as criterion against which to compare behavior.
Research on grammar uses the rules of correct grammar for comparison. Research
on mental arithmetic uses the rules of arithmetic. Why should not research on
human probabilistic inference compare such inferences with the output of the
formally correct rules for making them? If correctness is to be ruled out of
use by psychologists in search of dependent variables, what is to become, for
example, of most research on verbal learning or choice reaction time?

2. Conservatism is indeed both subject- and task-dependent. So far as
we Xnow, so are all other phenomena of human intellectual behavior. Conserva-
tism is certainly sufficiently pervasive, over both people and tasks, to de-
serve study and explanation. And while some professional inference-makers seem
not to be conservative (e.g., Winkler, 1971 and Peterson, Snapper, and Murphy,
1972), others clearly are (e.g., Kelly and Peterson, 1970 and Zlotnick, 1968).
It probably depends on detailed characteristics of the inference tasks. We have
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E speculations about those task characteristics that do and do not favor conserva-
L tism, but need not review them here. For an extensive discussion, see Goodman
(1973).

3. We regard huprar. inferences as being described, to some extent and as
a first approximation, by Bayes's Theorem, ard cite, for example, Figures 1 and
4 of this paper in support of that belief. Critics who feel otherwise often
cite Tversky and Kahneman's (1974) finding that the prior probability is ignored
after the first datum is presented as evidence to the contrary. Their phenome-
non too is task-dependent; Peterson and DuCharme (1967) found the opposite. De-
tailed research on actual effects of task characteristics, such as is reported
here, seems to us more likely to clarify this kind of problem then is swe«ping
assertions that such details are irrelevant. The question "are men Bayesian?"
is obviously silly; the answer is no. The right questions are: what kind of
first approximation to human inference-making is offered by Bayes's Theorem in
what situations; and how can that first approximation be improved on?




References

Anderson, N.H. & Shanteau, J.C. Information integration in risky decision mak-
ing. Journal of Experimental Psychology, 1970, 84, 441-451.

DuCharme, W.M. A review and analysis of the phenomenon of conservatism in human
inference. Apnlied Mathematics and Systems Theory Technical Report No.
46-5, December 30, 1969, Rice University.

DuCharme, W.M. Response bias explanation of conservative human inference.
cournal_of Experimental Psychology, 1970, 85, 66-84.

DuCharme, W.M. & Peterson, C.R. Intuitive inference about normally distributed
populations. Journal of Experimental Psychology, 1968, 78, 269-275.

Edwards, W. Conservatism in human information processing. In Kleinmuntz, B.
(Ed.), Formal Representation of Human Judgment. New York: Wiley, 1968.

Edwards, W., Phillips, L.D., Hays, W.L., & Goodman, B.C. Probabilistic informa-
tion processing systems: Design and evaluation. IEEE Transactions on
System Science and Cybernetics, 1968, SSC-4, 248-265.

Goodman, B.C. "Direct Estimation Procedures for Eliciting Judgments about Un-
certain Events," Technical Report. University of Michigan Engineering
Psychology Laboratory, November 1973.

Hcgarth, Robin M. Cognitive processes and the assessment of subjective probabil-
ity distributions. Journal of the American Statistical Association,

1975, 70, 271-289.

Kelly, C.W., Il & Peterson, C.R. Probability estimates and probabilistic pro-
cedures in current-intelligence analysis. Report on Phase I, June 1970-
December 1970, FSC 71-5047, Federal Systems Division, International
Business Machines Corporation, Gaithersburg, Maryland.

Peterson, C.R. & DuCharme, W.M. A primacy effect in subjective probability
revision. Journal of Experimental Psychology, 1967, 73, 61-65.

Peterson, C.R., DuCharme, W.M. & Edwards, W. Sampling distributions and probab-
ility revisions. Journal of Experimental Psychology, 1968, 76, 236-
243.




¥ L

Peterson, C.R., Snapper, E.J. & Murphy, A.H. Credible interval temperature
forecasts. Bulletin of the American Meteorological Society, October
1972, 53. 966-970.

Pitz, G.F. On the processing of information: Probabilistic and otherwise.
Acta Psychologica, December 1970, 34, 201-213.

Rapaport, A., & Wallsten, T.S. Individual decision behavior. Annual Review of
Psychology, (1972), 23, 131-176.

Shanteau, J.C. An additive model for sequential decision making. Journal of
Experimental Psychology, 1970, 85, 181-191.

Shanteau, J.C. Descriptive versus normative models of sequential inference judg-
ment. Journal of Experimental Psychology, 1972, 93, 63-68.

Slovic, P. From Shakespeare to Simon: Speculations--and some evidence--about
man's ability to process information. Oregon Research Institute Mono-
graph, 1972, Vol. 12, No. 2.

Slovic P. & Lichtenstein, S. Comparison of Bayesian and regression appro:ches

to study of information processing in judgment. Organizational
Behavior and Human Performance, 1971, 6, 649-744.

Tversky, A. & Kahneman, D. Judgment under uncertainty: Heuristics and biases.
Science, September 27, 1974, 185, 1124-1131.

Wheeler, G., & Beach, L.R. Subjective sampling distributions and conservatism.
Organizational Behavior and Human Performance, 1968, 3, 36-46.

Wwinkler, R.L. Probabilistic prediction: Some experimental results. Journal of
the American Statistical Association, December 1971, 66, 675-685.

Winkler, R.L. & Murphy, A.H. Experiments in the laboratory and the real world.
Organizational Behavior and Human Performance, 1973, 10, 252-270.

Zlotnick, J. A theorem for prediction. Foreign Service Journal, 1968, 45(8),
20.




A5

Footnotes

This research was ‘supported in part by the National Aeronautics and Space
Administration under Grant NGL-23-005-171 to the Engineering Psychology Lavora-
tory, University of Michigan, monitored by the Ames Research Center, National
Aeronautics and Space Administration, and in part by the Advanced Research Pro-
jects Agency of the Department of Defense and was monitored by ONR under Con-
tracts NOOO14-67-A-0181-0049 and N0O0014-75-C-0487.

Requests for reprints should be sent to Ward Edwards, Social Science Re-

search Institute, University of Southern California, Los Angeles, California,
90007.




TABLE 1

Experiment 2: Regression Analyses of Median Subject
Log Estimates as a Function of Bayesian Log 0Odds

At

Noncumulative Responses

Cumulative Responses

Correlation Correlation
d' level | Coefficient | Slope | Intercept Coefficient | Slope | Intercept
Al .963 1.118 -.022 .942 .381 -.051
1.0 .967 1.514 -.015 .949 .623 .046
1.6 .978 .998 -.016 .982 .385 -.033
2.2 .978 1.068 -.033 .985 .329 -.247




TABLE 2
Experiment 2: d' Inferred from Subjects' Responses

l
. Likelihood Ratio of an
[ Inferred 'd Observation Taken at the Mean
From From From Inferred from
Noncumulative | Cumulative True | Noncumulative Cumulative
True 'd Responses Responses Value Responses Responses
1.00 1.23 .76 1.65 2.14 1.33
1.60 1.60 .95 3.60 3.59 1.58
! 2.20 2.2 1.17 11.24 13.25 1.98




TABLE 3
Experiment 3: Regression Analyses of Median Subject
Log Estimates as a Function of Bayesian Loy 0dds

Single Sticks Variable Sequences Fixed Sequences

Trial | Correlation Correlation Correlation
Number | Coefficient | Slope | Coefficient | Slope Coefficient | Slope

1 .978 1.022 .961 .766 .996 .757

: 2-17 .989 .590 .991 .574

Al .978 1.022 .984 .601 .990 .579




TABLE 4
Summary of Refression Analyses for Median Subject
Log Estimates as a Function of Bayesian Log Odds
for Experiment 2, Experiment 3, and DuCharme (1970)

Experiment

Independent Trials Trial 1 Trials 2-10

Correlation
Coefficient | Slope

Correlation
Coefficient | Slope

Correlation
Coefficient | Slope

Experiment 2

Experiment 3

939 .909 912 .590 .947 .399

.978 1.022 . 961 .766 .989 .590

DuCharme (1970) .954 515 .977 .324
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Figure Captions

Figure 1. Experiment 1: mean inferred log odds as a function of Bayesian
log odds for four response modes. Circles indicate two or more data points at
the same coordinates. The solid line represents perfect Bayesian performance;
the dasied lines are regression lines fitted to the data points.

Figure 2. Experiment 1: slope of the best-fitting regression lines for
mean inferred log likelihood ratios as a function of Bayesian log 1ikelihood ra-
tios, by trial number. Slopes are plotted on a logarithmic scale, which equal-
izes the effect of both extreme and conservative deviations from optimal.

Figure 3. Experiment 2: median estimated log odds as a function of Bayus-

1an log odds for independent trials and cumulative trials. Circles represent two
or mcre data points at the same coordinates.

Figure 4. Experiment 2: median estimated log odds for selected sequences
as a function of trial number.

Figure 5. Experiment 3: inedian estimated log odds as a function of Bayes-
ian log odds for Trial 1 in three sequence conditions.

Figure 6. Experiment 3: median estimated log odds as a function of Bayes-
jan log odds for variable sequences and fixed sequences. Circles represent two
or more data points at the same coordinates.
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